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1 Introduction 

During the last decade, the considerable advance in the rigorous derivation of quantum kinetic 
equations, in particular the nonlinear Schrodinger equation and the Gross-Pitaevskii equation 
pHF] and the quantum Boltzmann equation [HIE] , is observed. 

It is well known that a description of quantum many-particle systems is formulated in terms 
of two sets of objects: observables and states. The functional of the mean value of observables 
defines a duality between observables and states and as a consequence there exist two approaches 
to the description of evolution. Usually the evolution of many-particle systems is described in 
the framework of the evolution of states by the quantum BBGKY hierarchy for marginal density 
operators. An equivalent approach of the description of the evolution of quantum systems is 
given in terms of marginal observables by the dual quantum BBGKY hierarchy (the Heisenberg 
picture of evolution) [T0|ITl]. 

The conventional philosophy of the description of kinetic evolution consists in the following. 
The evolution of states can be effectively described by a one-particle marginal density operator 
governed by the kinetic equation as a result of some approximations p2] or in suitable scaling 
limits [13]. In the paper we develop an approach to the description of kinetic evolution of 
quantum many-particle systems in framework of the evolution of marginal observables. For this 
purpose we investigate the mean-field asymptotics of a solution of the initial-value problem of 
the quantum dual BBGKY hierarchy. In addition links between the evolution of observables 
and the kinetic evolution of states described in terms of a one-particle marginal density operator 
are discussed in the general case. 
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We now outline the structure of the paper and the main results. In Section 2 we introduce 
some preliminary definitions and construct a solution of the Cauchy problem of the dual quan- 
tum BBGKY hierarchy for marginal observables as an expansion over particle clusters which 
evolution is governed by the corresponding-order cumulant (semi-invariant) of the groups of 
operators of the Heisenberg equations of finitely many particles. In Section 3 the main result 
is proved, namely, the mean-field asymptotic behavior of stated above solution of the dual 
quantum BBGKY hierarchy is established. The constructed asymptotics is governed by the 
recurrence evolution equations set (the dual quantum Vlasov hierarchy). In Section 4 typical 
properties of the dual kinetic dynamics are formulated, in particular the relation of the dual 
quantum Vlasov hierarchy with the nonlinear Schrodinger equation is considered. Moreover, 
the relation of the dual quantum BBGKY hierarchy and the generalized quantum kinetic equa- 
tion is established. Finally we conclude with some observations and perspectives for future 
research. 

2 The evolution of observables of quantum many-particle 

systems 

In order to construct the asymptotic form of the marginal (s-particle) observables of quantum 
many-particle systems we describe the evolution by means of the dual quantum BBGKY hier- 
archy. We introduce such a hierarchy of evolution equations and formulate necessary properties 
of a solution of the Cauchy problem of this hierarchy. 

2.1 Preliminary facts 

We consider a quantum system of a non-fixed, i.e. arbitrary but finite, number of identi- 
cal spinless particles obeying Maxwell-Boltzmann statistics in the space W, v > 1. We 
will use units where h = lixh = 1 is a Planck constant, and m — 1 is the mass of par- 
ticles. The Hamiltonian H = 0^L o i/ n of such system is a self-adjoint operator with the 
domain V(H) = {if; = G J K | i £ V(H n ) G U n , EJI^Jl 2 < oo} C T u , where 

3~n — ©^Lo^ 0n * s ^ ne Fock space over the Hilbert space H. We adopt the usual conven- 
tion that W,® = C. Assume H = L 2 (W) then an element i/j G T n = 0^=0^ is 
a sequence of functions ip = (ipo, ipi(qi), ■ ■ ■ , ip n (qi, ■ ■ ■ , Qn), ■ ■ ■ ) such that \\ip\\ 2 = \ipo\ 2 + 
Y^=i I dqi ■ ■ ■ dq n \ip n (qi, . . . , q n )\ 2 < +oo. On the subspace of infinitely differentiable functions 
with compact supports ifj n G Lg(]R lyn ) C L 2 (W n ) the Hamiltonian H n of n > 1 particles acts 
according to the formula 

n n 
H n ij n = K Wn + t ^ J> n . (1) 

i=l i<j=l 

where K(i)ip n = —^A q .ip n is the operator of the kinetic energy, Q(i,j)ip n = $(|% — qj\)ip n is the 
operator of a two-body interaction potential $ and e > is a scaling parameter. Hereinafter 
we shall consider the bounded interaction potentials. 

Let a sequence g = (go,gi, ■ ■ ■ ,g n , • • •) be an infinite sequence of self-adjoint bounded op- 
erators g n defined on the Fock space Tu- An operator g n defined on the n-particle Hilbert 
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space Tin = 1-L® n will be denoted by g n (l, . . . ,n). Let the space £(.7"W) be the space of se- 
quences g = (<7oj fll, • • • 5 Qn-, ■ ■ ■) °f bounded operators g n defined on the Hilbert space H n that 
satisfy symmetry condition: g n (l, . . . , n) = g n {i\, . . . , i n ), for arbitrary (ii, . . . ,i n ) G (1, . . . , n), 
equipped with the operator norm ||.||,e(-H n ) [IS]. We will also consider a more general space 
£ 7 (.Fft) with a norm 

7™ ii i 

where < 7 < 1. We denote by £ o(^w) C £ 7 (.F^) the everywhere dense set in of finite 
sequences of degenerate operators with infinitely differentiable kernels with compact supports. 

Observables of finitely many quantum particles are sequences of self-adjoint operators from 
the space ^(Fy). The case of unbounded operators of observables can be reduced to the case 
under consideration [T5] . 

Let ^{J^i-i) = ©^l -C 1 ('H n ) be the space of sequences / = (I, fi, . . . , f n , . . .) of trace class 
operators f n = f n (l,...,n) G £ 1 ('H ri ), satisfying the mentioned above symmetry condition, 
equipped with the trace norm 

00 00 
WfWzHTu) = S IWU*n) = E Tr w |/ n (l, . . . ,n)\, 

n=0 n=0 

where Tr^. n is the partial trace over 1, . . .,n particles. The everywhere dense set of finite 
sequences of degenerate operators with infinitely differentiable kernels with compact supports 
in the space £ 1 (J r -^) we denote by £g(J-^). 

The sequences of operators f n G £ 1 ('H n ), n > 1, which kernels are known as density matrices 
defined on the n-particle Hilbert space 7-L n = L 2 (M un ), describe the states of a quantum system 
of non-fixed number of particles. 

The space ^(J-'u) is dual to the space £ 1 (J 7 -h) with respect to the bilinear form 

00 . 

(9\f) = y2^ Tr h..,n9nfn, (2) 

where g n G £("H n ) an d fn G £ 1 ("H n )- The mean value of observables are given by the positive 
continuous linear functional ([2]) on the space of observables £ 7 (J-^). 

2.2 The dual quantum BBGKY hierarchy 

The evolution of marginal observables is described by the initial-value problem of the dual 
quantum BBGKY hierarchy 

j s s 

-G s (t,Y)=(J2W) + e £ AT iBt (iJ))G.(t,Y) 

(3) 

+ e Yl M iab Vi,j 2 )G.- 1 {t,Y\(j 1 )), 
ii^i2=i 

G s (t) \ t=0 = G° s , s > 1, (4) 
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where on £o(%n) C £("H n ) the operators A/o and A/i n t are consequently defined by formulas 

No(j)9n = ~i [g n , K(i)] , ^ 
fifiBk(i,j)gn = -i[9n,$(iJ)], 

where [-, •] is a commutator of operators. We refer to equations ([3]) as the dual quantum 
BBGKY hierarchy since the canonical quantum BBGKY hierarchy [TEHTS] for the marginal 
density operators is the dual hierarchy of evolution equations with respect to bilinear form (J2]) 
to evolution equations Q. In case of the space % = L 2 (M U ), evolution equations ([3]) for kernels 
of the operators G s (t), s > 1, are given by 

d I s 

i foG'fa ft> • • • > 9a] q'i, ■ ■ ■ , q' s ) = ( - 2 5Z( _A 9* + A i0 

i=l 

s 

+ e ( $ (^ ~ i) ~ - Qj)))G a (t, q 1 ,...,q s ;q[,...,q' s ) 

i=i<j 

s 

+ e ( $ (^ _ q 'j"> ~ ~~ Qj)) G s-i(t, ?i, ■ ■ ■ , Qj-i, Qj+i, ■ 

To construct a solution of abstract initial-value problem ([3]) we formulate some necessary 
facts. For g n G £("H n ) h is defined the one-parameter mapping 

M} 3 t = e^^e"^". (6) 

On the space £("H n ) one-parameter mapping (jH]) is an isometric *-weak continuous group of 
operators, i.e. it is a Cp-group. The infinitesimal generator J\f n of this group of operators is a 
closed operator for the *-weak topology and on its domain of the definition V(N n ) C £(H n ) h 
is defined in the sense of the *-weak convergence of the space £("H n ) by the operator [19] 

w*- lim ~(Gn(t)g n ~ g n ) = -i{g n H n - H n g n ) = Af n g n , (7) 

where H n is the Hamiltonian ^ and the operator: M n g n = —i(g n H n — H n g n ) is defined on the 
domain V(H n ) C H n . 

Let us introduce some abridged notations: Y = (1, . . . , s), X = (ji, ■ ■ ■ ,j n ) C F, and {Y\X} 
is the set consisting of one element X = (ji, . . . ,j n ), i.e. the set (ji, . . . ,j n ) is a connected subset 
of the partition P such that |P| = 1 (|P| denotes the number of partitions of a set). 

We define the n-order cumulant of group of operators §6§ as follows [2tHI2Tj 

Ql 1+n (t,{Y\X},X)= (-1) |PM (|P|-1)! II *W*>**). "><>, (8) 

P : ({Y\X},X)=U^ X iC T> 

where is the sum over all possible partitions P of the set ({Y\X},j 1 ,...,j n ) into |P| 
nonempty mutually disjoint subsets Xi C ({Y\X},X). 
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Let us indicate some properties of cumulants (jHJ). If n = 1, for gi G £o(^) C £("H) in the 
sense of the *-weak convergence of the space £("H) the generator of the first-order cumulant is 
given by the operator 

limi(ai(M)-/)<7i(l)= JV (l)<7i(l). 
t->o i 

In the case n = 2 for $2 € £0(^2) C £(%) we have in the sense of the *-weak convergence of 
the space £(%) 

lim i 2l 2 (t, 1, 2)^(1, 2) = eMnt(l, 2)g 2 (l, 2), 

and for n > 2 as a consequence of the fact that we consider a system of particles interacting by 
a two-body potential, it holds 

lim - %n,{t, 1, ... , n)# n (l, . . . , n) = 0. 

On the space £ 7 (J-^) for abstract initial- value problem (J3])- (J4j) the following statement holds 

eng. 

The solution G(t) = (G , G x (t, 1), . . . , F), . . .) of the Cauchy problem of the 

dual quantum BBGKY hierarchy is defined provided that 7 < e _1 by the expansions 

s 1 s 

G s (t,n = ^^ 2i 1+n (t,{y\x},x)c n (o,y\x), fl >i, (9) 

n=0 ' j^...^j n =\ 

where the (1 + n)-order cumulant 2li +n (t, {Y\X}, X) is determined by formula © and the 
estimate holds 

ll^lkwo^^ 1 -^)- 1 !!^)!!^. (io) 

For G(0) G C ^(J 7 ^) it is a classical solution and for arbitrary initial data G(0) G 

£7 (•?"«) it is a generalized solution. 

We note that expansion fl9]) can be represented in the form of the perturbation (iteration) 
series as a result of applying of analogs of the Duhamel equation to cumulants of groups of 
operators fl§]) from solution expansion <$fy [TS] . 

As stated above (see formula (j2J)) the mean value of the marginal observable G(t) G £ 7 (J^) 
at t G E in the initial marginal state F(0) = (I, Fi(0, 1), . . . , F s (0, Y), . . .) G fi 1 ^) is defined 
by the functional 

00 

(G(t)\F(0)) =J2l IV| > • • • > s ) F s(°' !>■••>*)• (11) 

According to estimate (fTUj) . functional ffTTl) exists under the condition that 7 < e _1 . 

3 The dual quantum Vlasov hierarchy 

We consider the problem of the rigorous description of the quantum kinetic evolution on the 
basis of many-particle dynamics of observables by way of example of the mean-field asymptotic 
behavior of stated above solution of the dual quantum BBGKY hierarchy. 
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3.1 A mean-field limit of the dual quantum BBGKY hierarchy 

Consider the mean- field scaling limit of a solution of initial- value problem ©-(jl]) of the dual 
quantum BBGKY hierarchy. 

Theorem 1. If for initial data G s (0) G S.{T-i s ) there exists the limit g s (0) G £(H S ) 

w*- lim (e- s G s (0) - g 3 (0)) = 0, (12) 

then for arbitrary finite time interval there exists the mean-field limit of solution (TJ|) of the 
Cauchy problem of the dual quantum BBGKY hierarchy in the sense of the *-weak 

convergence of the space Sj{% s ) 

w*- lim (e~ s G s (t) - g s (t)) = 0, (13) 
and it is defined by the expansion 

S— 1 * tn-1 

g s (t,Y) = J2 fdt x ... I dt^t-h) N'int{Hjl)Gs-l{tl-t2) 



n=0 n n U7%'l=l 



(14) 



■■■ Gs-n+l(tn-l-t n ) ^ Mnt(in,Jn) 

^ jn — 1? 
injn ^ O'l,-- • , jn-l) 

X^^n^nOlvJn)). S>1, 

where the following notation of the group of operators (ED of noninteracting particles is used 

Gs-n+litn-l ~ t n ) = Gs-n+li^l ~ t n , Y\(ji, . . . , j n -l)) 

= | [ G\{t n -i - t n ,j). 

jey\(ji,...,j„_i) 

Before to prove this statement we give some comments. If g(0) G £(J-^), the sequence 
g{t) = (g , gi(t), . . . , g s (t), . . .) of limit marginal observables (THj) is a generalized global solution 
of the initial-value problem of the dual quantum Vlasov hierarchy 

A s s 

-g s (t,Y) = Y,W)g s (t,Y)+ M«tUuh)9s-i{t,Y\(Ji)), (15) 

1=1 j 17 y 2 =i 

g s (t) \ t =o= g° s , 8>i. (16) 

This fact is proved similar to the case of an iteration series of the dual quantum BBGKY 
hierarchy [ID] . It should be noted that equations set (fT5|) has the structure of recurrence 
evolution equations. We make a few examples of the dual quantum Vlasov hierarchy ( !T5|) in 
terms of operator kernels of the limit marginal observables 

d 1 

* -<ft9i(t> 9i! 9i) = (~ A 9i + A <)#i(^ 9i 5 9i)> 

a i 2 

i ^a(*, 9i, 9 2 ; gi, 92) = ( - 2 Z,( -A « + A ^ + ( $ (^ - 9 2 ) " $(?i " 92))) 

x (/ 2 (*, 9i, 92; 9i, 9 2 ) + - 9 2 ) - $ (9i - 92)) (gi(t, qi] q[) + gi(t, q 2 ] 9 2 )) • 
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Let us consider a particular case of observables, namely the mean-field limit of the additive- 
type marginal observable^!: G^'(O) = (0, G^(0, 1), 0, . . .). In this case solution (jHJ) of the dual 
BBGKY hierarchy ([3]) has the form 

s 

G«(t,y)=2l s (t)^GS 1) (0,j), (IT) 

where is the s-order cumulant ([HD of groups of operators (JHD- If for the additive-type 

observables G^(0) condition ( TT2|) is satisfied, i.e. it holds 

w*- lim (e^G? } (0) - g?\o)) = 0, 

then according to statement (fl3|) . we have 

w*-lim(e- s Gi 1 )(t)-^(t))=0, 

where the limit operator gi (t) is defined by the expression 

t t s - 2 s 

g?\t,Y) = Jdh... J dt^it-h) Mnt(ix,ji)Gli(ti-t 2 ) 



int \ls—l) Js—1 / 



is-i ^ js-i = 1, 
js-i ¥= Oil • • • iis-2) 



y<G° 1 (t s - 1 )g[ 1 \0,Y\Ui,...,j s -i)), s>l, 
as a special case of expansion (JHJ). We give examples of expressions ( ITS"]) 

^ 1) (t,l)=^ 1 (t, 1)^(0,1), 

« 2 2 

S i=l i=l 

3.2 Proof of Theorem Q] 

In case of bounded interaction potential (pQ) for the group of operators (JBJ) the analog of the 
Duhamel equation is valid 

{Ga{t,Y)-g a . 1 {t t Y\j 1 )g 1 {t,j 1 ))g a 

f 

= e / drg a (t-T,l,...,s) Y ■^mt(h,ji)Gs-i(r,Y\j 1 )g 1 (T,j 1 )g s 

*i = 1, 

n 7^ ji 



f 



e y , dr^_i(t-r,y\7i)^i(*- r >Ji) ^(^1, ji) &(r, 1, . . . , fl)&, 



u = 1, 
'i ^ j'i 



2 The fc-ary marginal observable is the sequence (0) = (0, . . . , 0, G% (0, 1, . . . , fc), 0, . . . ) [TT] 
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where the operator A/i nt (i, j) is defined by formula (jSJ) and Y = (1, . . . , s). Then for (l + n)-order 
cumulant of groups of operators (EJ) the analog of the Duhamel equation holds 



2l 1+n (t, {Y\(ji, . . .,j n )},jl, ■ ■ ■ , jn) C S -n(0, Y\(j 1 , . . . , j n )) 

t tn-l g 

-- e n n\ J dt x ... J dt n Q s {t-t x ) ^ Mnt{k, h) G a -i(h - h 



171 (is) 



• • • zJs— n+1 (^n— 1 

(t n )G s _ n (0,Y\(j u ..., Jn )), 



in = 1, 

in + (Jl,-.-,jn) 



where accepted above notations are used, Q s -n(tn) = G s -n{t n , Y\(j\, . . . ,j n )) and we take into 
consideration the identity: Q n (t, X)G s _ n (0, Y\X) = G s _ n (0, Y\X). 

For arbitrary finite time interval *-weak continuous group of operators (EJ) has the following 
scaling limit in the sense of the *-weak convergence of the space £("H S ) [19J 



w*-lim Y[Gi{t,j)g 8 ) =0. (20) 



Taking into account assumption (|T2|) and an analog of the Duhamel equation ( II 9p . in view 
of formula (|2"0~|) of an asymptotic perturbation of group (EJ) for the n term of expansion ([§]) we 
have 



w 



- lim (e- n 2l 1+n (i, ji, . . . ,ij e-^a-n(0, 

t *n-l s 

- n\ J dh... J dt n g° s {t-t x ) M mt {iu3i)Qs-i{ti-t 



n +3\ 



s 

■■■ Gs-n+l(tn-l-t n ) Yl Mto(inJ n )Ql- n (t n )9.-n(0,Y\X))=0, 

in = 1, 

in ^ Cjli • ■ • 

where it is used the following notations: X = (ji, . . . ,j n ) and G Q s _ n+1 {t n _i—t n ) = ]~f {?i(£ n -i _ 

jeY\x 

tn,j)- 

As a result of equality (I2T]) we establish the validity of statement (fl3|) for solution ([9]) of the 
dual quantum BBGKY hierarchy ([3]). 

To construct the evolution equations which satisfy limit expression ( 114)) we differentiate over 
the time variable expansion (jT4~|) in the sense of pointwise convergence of the space £("H S ). In 
view equality ((7|) it holds 
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x Yl M*(h,h) G°s- 2 (t2 -h)... g° s _ n (t n - t n+1 ) 

n + h = l, 

S 

X Mnt(in+lJn+l)Gs- n -l(tn+l)9s-n-l(0,Y\(j 1 ,...,j n+1 )). 

in + l jn + 1 = 1, 
in + l,jn + l i= (?!,• ■ ■ ,jn) 

According to definition (1141) . the second summand in the right-hand side of this equality is 
expressed in terms of the limit marginal observable g s ~i{t, Y\ji) and consequently, we get the 
dual quantum Vlasov hierarchy ( I15p . 

4 Some properties of the dual kinetic dynamics 

The links of constructed mean-field asymptotic behavior of marginal observables with the non- 
linear Schrodinger equation are considered. Furthermore the relation between the evolution 
of observables and the generalized description of the kinetic evolution of states in terms of a 
one-particle marginal density operator is discussed. 

4.1 The propagation of a chaos 

Hereinafter we shall consider initial data satisfying the factorization property or a "chaos" 
property [17] . which means the lack of correlations at initial time. For a system of identical 
particles, obeying the Maxwell-Boltzmann statistics, we have 

s 

F(t)\ t=0 = = (2?? (1), . . . , n*?(0, • • • )• ( 22 ) 

i=i 

The assumption about initial data is intrinsic for the kinetic description of a gas, because in 
this case all possible states are characterized only by a one-particle marginal density operator. 
Let 

^ll ei? i°-/ilU W = ' (23) 
then the limit of the initial state satisfies a chaos property too 

s 

fto = (f°(l),...,l[f°{i),...). (24) 
i=i 

If g(t) G £ 7 (F-h) and /° G then under the condition ||/°|| s^in) < 7; there exists the 

mean-field limit of mean value functional (fTTj) which is determined by the expansion 

oo _ s 

(9(t)\f [c) ) =£i[ Tr, ^,.(7. 1, , s) J] /?(«). 

s=0 ' i=l 
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In consequence of the following equality for the limit additive-type marginal observables (JTS 
(it is proved below in more general case) 



oo 1 s 

(9 W (t) |/W> = £ I Tr w (M, . . . , s) J] A°W 

s=0 ' i=l 

= Tr 1 ^ 1) (0,l)/ 1 (t,l), 
where operator <7s (t) is given by ( {TBI) and 1) is the solution 



(25) 



OO 



1) =J2 dti ■ ■ ■ dt n Tr 2 ,..., n+1 JJ + t 

n=0 n n ii=l 





2 n 

X (-Mnt(l,2)) IJ^l(- t l+*2>il)---II^l(-*n + *n.*n) ^ 
ji=l i„=l 
n n+1 n+ 1 

X ]T (-^nt(fcn,n+l)) n^(-*»'^)IlA W 

k n = l jn=l i=l 

of the initial-value problem of the Vlasov quantum kinetic equation 

^A(t, 1) = -JV (l)A(t, 1) + Tr 2 ( - Mnt(l, 2))/i(t, 2), (27) 

/i(i)| t =o = A°, (28) 



we establish that hierarchy ({To]) for additive-type marginal observables and initial state ( 1231) 
describe the evolution of quantum many-particle systems as by the Vlasov quantum kinetic 
equation (T271) . 

Indeed for bounded interaction potential (TjQ) series (T26]) is norm convergent on the space 
£ 1 (H) under the condition 

t <t = (2||$|| £(K2) ||/ 1 °|| £1(W) )" 1 , 

and hence the functional in right-hand side of equality (|25j) exists. Taking into account the 
validity for f n e S^iT-in) in the sense of the norm convergence of the equality 

lim \{G n {-t)fn - fn) = -Nnfn, 

t^o t 

where the operator (— J\f n ) is defined by formulas fl5]), we differentiate over the time variable 
expression ( {261) in the sense of pointwise convergence of the space £}{%) 

j t h(t, 1) = - AT (l)/i(t, 1) + Tr 2 ( - Mnt(l, 2)) 

oo « 2 (29) 

dh... dt n Tr 3 _ n+2 Y[g 1 (-t + ^,1^ 

n=0 n n U=l 
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2 3 n+l 

x {-M*{ki,3)) Y[Gx(-ti + t 2 ,ji)...Y[gi(-t n +t n ,i n ) 

fel=l il=l in=l 

71+1 n+2 n+2 

x £ (-^ nt (fc n ,n + 2)) n^Hn^OlI/iW- 

&n — 1 jn — 1 i— 1 

Using the product formula for the one-particle marginal density operator fi(t,i) defined by 
expansion (|26|) for initial data (I24I) 

TT/ipM) = dti... / dt n Tr fe+ i,„.,jfc +fl JJ + 

i=l rt=0 q q «i = l 

fc fc+1 fc+n— 1 

x J2 (-Nmt(h,k + l)) YlGii-h + hjJ... II Qi{-t n ^ + t n ,i n ) (30) 

fel=l jl = l in=l 

fc+n— 1 fc+n fc+n 

x £ (-.AUA^/c + n)) n^H«^») j[ 

where the group property of one-parameter mapping ([6]) is applied, we express the second 
summand in the right-hand side of equality (129|) in terms of Y\^ =1 fi{t,i) and consequently, we 
get equation (I2TI) . 

Correspondingly, a chaos property in the Heisenberg picture of evolution of quantum many- 
particle systems is fulfil. It follows from the equality for the limit k-ary marginal observables, 
i.e. ^ fc )(0) = (0,...,« 7 f ) (0,l,...,A;),0,...), 



(g {k \t)\f {c) ) = £ iTr w ,f(M, • • , s) f[f lW 

S=0 ' 8=1 

1 k 

= ^Tri k tff (0, 1, • • • , fc) J] A(t, i), k > 2 



S! 

(31) 



i=i 



where the limit one-particle marginal density operator fi(t, i) is defined by expansion ( 1261) and 
therefore it is governed by the Cauchy problem ( l2Tj) -( l28l) . 

Really, taking into account the validity of the following equality for the expression gi k \t) 
defined by formula (EG 



oo * 



^fWHA^^l ^f(O)^ / dtn 

s=0 ' t=l ' n=0 g q 

fc fc fc+1 

x Tr k+1 _ Mn Y[g 1 (-t + t 1 ,i 1 ) Y,{-Mnt{h,k + 1)) ]jG 1 (-t 1 +t 2 ,j 1 ) 

h=l fci=l ji=l 

fc+n— 1 fc+n— 1 fc+n fc+n 

••• If Ql(-t n -l+t n ,in) ( ~ k + n)) ][[ & (-*„, J n ) /° 
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and product formula ( 1301) for fi(t,i) defined by series ( 1261) . we finally get equality ( 13TT) . 

Thus, in the mean-field scaling limit an equivalent approach to the description of the kinetic 
evolution of quantum many-particle systems in terms of the Cauchy problem (T2"T)) - (l2"8]) of the 
Vlasov kinetic equation is given by the Cauchy problem (|T5|) - (|T6|) of the dual quantum Vlasov 
hierarchy for the additive-type marginal observables. In case of the k-ary marginal observables 
a solution of the dual quantum Vlasov hierarchy (fTBT) is equivalent in the sense of equality (I3"TT) 
to preserving of a chaos property for /c-particle marginal density operators. 

4.2 The dual mean-field dynamics and the nonlinear Schrodinger 
equation 

If the initial state is a pure state, i.e. f® = |V'q)(V , q|> the Heisenberg picture of evolution of 
quantum many-particle systems described by the dual quantum Vlasov hierarchy (fT5l) is an 
equivalent to the Schrodinger picture of evolution governed by the Hartree equation. 

Indeed, for a system in the pure state, i.e. fi(t) = \ij) t )(t{) t \ or in terms of the kernel 
fi(t, q, q') = ip(t, q)ip{t, q') of the marginal operator fi(t), Vlasov kinetic equation ( |2"7|) is trans- 
formed to the Hartree equation 

i-i(j(t,q) = --A q ij(t,q)+ I dq^(q-q')m,q')\ 2 ^(t,q). 

If the kernel of the interaction potential = S(q) is the Dirac measure we derive the cubic 
nonlinear Schrodinger equation 

i^(t,q) = ~A q if,(t,q) + \iP(t,q)\ 2 iP(t,q). 

4.3 On the generalized quantum kinetic equation 

We consider the relations of the evolution of observables and the evolution of quantum states 
described in terms of a one-particle marginal density operator in the general case. In case of 
initial states specified by a one-particle marginal density operator, the dual BBGKY hierarchy 
describes the dual picture of evolution to the picture of the evolution of states governed by the 
generalized quantum kinetic equation and an infinite sequence of explicitly defined functionals 
of the solution of such evolution equation. 
In fact, the following equality is true 

(G(t)\F c ) = (G(0)\F(t\F 1 (t))), (32) 

where the initial state F c is defined by ^ and F(t | F^t)) = (F 1 (t),F 2 (t | F^t)),..., 
F s (t;l,...,s | Fi(t)) is a sequence of marginal functionals of the state. The functionals 
F s (t, 1, . . . , s | Fi(t)) , s > 2, are represented by the expansions over products of the one-particle 
density operator F 1 (t) 

oo ^ s+n 

F s (t, Y | *i(t)) = 53 ~\ TT s+i,.,s +n 2Ji+n {t, {Y }, s + 1, . . . , 8 + n) JJ F 1 (t, i) , (33) 

n=0 ' i=l 
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where the (n + l)-order evolution operator Q3i +n (i), n > 0, are defined as follows 

w 1+n (t,{Y},x\Y) 



n n-n 1 -...-n k _ 1 



= E<-i)'E- E ,„_„,_• _ a 1+ „-,-...-„»(Mn. 

fc=0 n 1 = l „ fc =l ^ m nk >- 



s + 1, . . . , s + n - m - . . . - n k ) Y[ njlj ( 34 ) 

3=1 I), : '/. . U, V, 

|Dj| < s + n — m — — 



s+n— ni— n, 



x E II T^^Mx^ii^X^ 



and X/Df-Zj=Uj.Xj. * s ^ ne sum over a ^ P oss ible dissections Dj of the linearly ordered set Zj = 
(s + n — ni — . . . — rij + 1, . . . , s+n — n% — ■ ■ ■ — n j-i) on no more than s + n — n\ — . . - — rij linearly 
ordered subsets |22j. In expression ( l34j) it is denoted by 2li +n (t) the (1 + n)-order cumulant 

& 1+n {t,{Y},s + l,...,s + n) 

E (-if^m-iv. n G\xS>*i)> (35) 

P: ({y},s+l,.»>a+n)=Ui^« X * cP 

of the groups of scattering operators 

w*)=w-*,*i)n&( M )> 

where Y^ p is the sum over all possible partitions of the set ({Y}, s + 1, . . . , s + n) into |P| 
nonempty mutually disjoint subsets Xi C ({Y}, s + 1, . . . , s + n) and the group of operators 
G\x t \(— t) is adjoint to the group G\Xi\(t) in the sense of functional ( ITT]) . 

The one-particle density operator Fi(t) is determined by the following series 

oo . n+l 

F ^ X ) = E n\ Tr2 '-' 1+ " a i+*H> 1, • • • , " + 1) JJ (36) 

n=0 ' i=l 

where the cumulants 2li +n (— £), n > 0, are defined by the formula similar to (jSJ) 

2l 1+n (-t,l,...,n + l)= J] (_i)|P|-i(|p|_i)l Yl g lXtl (-t,X t ), 

P: (l,...,n+l)=U i X j XiCP 

where Y^ p is the sum over all possible partitions of the set (1, . . . ,n + 1) into |P| nonempty 
mutually disjoint subsets Xi C (1, . . . , n + 1). 

The one-particle density operator (136]) is a solution of the following initial- value problem 



jF^t, 1) = - M Q {l)F x {t, 1) + Tr 2 ( - AUl, 2)) 



oo ^ n+2 (37) 

x ^ Tr 3,...,n +2 2Ji + n(t, {l,2},3,...,n + 2)n F x (t, i), 

n=0 ' i=l 



Quantum kinetic evolution of observables 



15 



F 1 (t,l)\ t=0 = F?(l), (38) 

where the evolution operator QJ 1+ „(t) is defined by formula (1511) . We refer to evolution equa- 
tion (157)) as the generalized quantum kinetic equation. For systems of classical particles such 
equation was formulated in [T7] and for quantum many-particle systems in [22J. 
To verify equality (132)) we transform functional (G(t)\F c ) as follows 



oo 1 

<G(t)|F c )=^-Tr w G s (0,l,..., S ) 

s=0 S - 

< E - Tr s+1 ,... iS+n 2l 1+n (-t, {Y},s + l,...,s + n)H F*(i) 



nl 

n=0 i=l 



where the (1 + n)-order cumulant 2li +n (— t, {Y}, s + 1, . . . , s + n) is defined by (135)) . For F° e 
2}{1-L) and G s (0) € £(% s ) obtained functional ( 139)) exists under the condition < e -1 . 

Then we expand the cumulants 2li +n (— t) over the new evolution operators QJi +n (t), n > 0, 
into the kinetic cluster expansion [22J 

2l 1+n (-t, {F}, s + 1, . . . , s + n) = V n " QJi + n-n a (*, OT, s + 1, . . . , s + n - n x ) 

z — ' n — ni ! 

m=0 v ; 

^ s+n— ni ^ s+n— ni 

x E |Dj! E II ^H^|(-M^ fc ) J] ai(-*,m), 

D|<s + ri — m m 7^ ii, . . . , 1|d| 

where ^ D . z= y ; X; |D|<s+n-ni * s the sum over & U possible dissections D of the linearly ordered set 
Z = (s + n — tt-i + I, . . . , s + n) on no more than s + n — n% linearly ordered subsets. Representing 
series over the summation index n and the sum over the summation index n\ in functional ( 139)) 
as the two-fold series and identifying the series over the summation index n\ with the products 
of one-particle density operators similar to formula ( 130)) 



Xu\l 



oo s+n | 

"1=0 D :Z = {J k X k , ii<...<i| D |=l X k CD 

\D\ < s + n 



s+n n+s+m s+n 

x% 1+]Xk] {-t,i k ,x k ) n M-t,i) n *iU)=ti Fi ( t > i )> 

l = 1, i=l »=1 

l^ii,..., t| D | 

we transform functional ( 13 9 p to the form in terms of marginal functionals of the state (133 p . 
Thus, equality (152")) holds. 

In a particular case of the additive- type marginal observables (0) equality (132)) is reduced 
to the form 

(GP\t)\F*) = Tr 1 G« (0,1)^,1), 

where the one-particle marginal density operator Fx(t) is a solution of the Cauchy problem ( 157)) - 
( 155)) . Hence for additive-type marginal observables the generalized quantum kinetic equation 
fl57J is dual to the dual quantum BBGKY hierarchy (J3J) with respect to bilinear form (ITT]) . 
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Thus, in case of initial data (122]) which is completely characterized by the one-particle 
marginal density operator F®, solution (EJ) of the Cauchy problem ©-(BJ of the dual quan- 
tum BBGKY hierarchy for marginal observables and a solution of the Cauchy problem of the 
generalized kinetic equation (137]) -( 138]) together with marginal functionals of the state (133]) give 
two equivalent approaches to the description of the evolution of quantum many-particle systems. 

5 Conclusions 

We develop an approach of the description of kinetic evolution of quantum many-particle sys- 
tems in terms of the evolution of marginal observables. One of the advantage of such approach 
is the possibility to construct the kinetic equations in scaling limits if there are correlations 
of particle states at initial time [T7], for instance, correlations characterizing the condensate 
states [12] . 

In the case of quantum systems of particles obeying Fermi or Bose statistics [23] quantum 
kinetic equations have the different structure from formulated above. The analysis of these 
cases will be given in a separate paper. 

Finally we point out the relation of the generalized quantum kinetic equation (13"7I) and the 
specific quantum kinetic equations. The last can be derived from the generalized quantum 
kinetic equation in the appropriate scaling limits [13] or as a result of certain approximations. 
For example, in the mean- field limit we derive the quantum Vlasov kinetic equation [22]. Ob- 
serving that in the kinetic (macroscopic) scale of the variation of variables [21] the groups of 
operators of finitely many particles depend on microscopic time variable e~ 1 t, where e > 
is a scale parameter, the dimensionless marginal functionals of the state are represented in the 
form: F s (e~ 1 t,Y | iq(i)). Then in the limit e — V the first two terms of the dimensionless 
marginal functional expansions ( 133]) 

s 

Gs(e-H,Y)\[F x (t,i) 

i=i 

+ / dr^(-r,r)TV a+ i(V(-jVJ H t(«i,s + l))S,+i(e- 1 t,y > a + l) 

s s+1 

- g s (£-H, Y) J2(-^t(h, s + l)%{e~\ + Gl ( T > l ^ Fl{t ' ^ 

il = 1 i2 = l 

coincide with corresponding terms constructed by the perturbation method with the use of the 
weakening of correlation condition by Bogolyubov [T7] Thus, in the kinetic scale the collision 
integral of the generalized kinetic equation f[3"7]) takes the form of Bogolyubov's collision in- 
tegral [17], [25] which enables to control correlations of infinite-particle systems. In a space 
homogeneous case the collision integral of the first approximation has a more general form than 
the quantum Boltzmann collision integral. 
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